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In this note, we investigate linear instabilities of hydrodynamics with corrections up to
first order in derivatives. It has long been known that relativistic (Lorentzian) first order
hydrodynamics, with positive local entropy production, exhibits unphysical instabilities. We
extend this analysis to fluids with Galilean and Carrollian boost symmetries. We find that the
instabilities occur in all cases, except for fluids with Galilean boost symmetry combined with
the choice of macroscopic variables called Eckart frame. We also present a complete linearised
analysis of the full spectrum of first order Carrollian hydrodynamics. Furthermore, we show
that even in a fluid without boost symmetry present, instabilities can occur. These results
provide evidence that the unphysical instabilities are symptoms of first order hydrodynamics,
rather than a special feature of Lorentzian fluids.
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3I. INTRODUCTION
Hydrodynamics is one of the most successful effective descriptions of many-body systems we
have to date. Its applicability ranges from the scales of the galaxy, to the Earth’s atmosphere, or to
a glass of water, to a sample of a few millimetres of clean metal and graphene [1–3], to cold atomic
systems (see, e.g., [4] and reference therein), and even to subatomic scales such as in quark-gluon
plasma [5]. It is therefore only natural to ask why such a simple set of equations works so well to
explain reality across so many length scales. One popular explanation is that hydrodynamics is
nothing but the gradient expansion of the conservation laws of a system, as elucidated in [6].
In this note, we showcase linear instabilities that arise in the usual approach to hydrodynamics.
These instabilities are represented as modes with a complex component that have a “wrong” sign,
such that these modes grow exponentially in time. This is considered to be an unphysical instability,
since physical fluids in homogeneous configuration are supposed to be linearly stable.
In order to fully appreciate the mentioned linear instabilities, we adopt a more formal perspective
of fluids, with relativistic fluids as an example, in which one takes the viewpoint that hydrodynamics
is an effective low-energy description of a theory with the following partition function
Z[gµν , Aµ] =
〈
exp
[
i
∫
dd+1x
√−g (Tµνgµν + JµAµ)
]〉
, (1.1)
where gµν is the background metric of the space where our “fluid” lives and the background gauge
field Aµ represents a background (non-dynamical) electromagnetic field injected into the system.
The independence of choice of coordinates and the gauge field implies that, in flat space with zero
flux, there are the Ward identities
∂µT
µ
ν = 0 , ∂µJ
µ = 0 . (1.2)
But just the conservation laws, by themselves, are not helping us to determine the evolution of the
system. The next step is to assume that one can write down Tµν and Jµ in terms of macroscopic
variables, such as local temperature T (x), local chemical potential µ(x) and the fluid velocity
vi(x). This process can be done, assuming that the system reaches thermal equilibrium in some
infinitesimal volume, such that the local thermodynamic variables can be defined, even though the
whole system is still evolving. The Noether currents Tµν and Jµ are then expressed in terms of
these macroscopic proxies {T, µ, vi}, order by order in the derivative expansions, for example:
Tµν = T
µ
0 ν [∂
0] + Tµ1 ν [∂
1] + ... , (1.3)
4where the ellipsis denotes terms at higher-order in the derivative expansion. Due to the availability
of extra tensor structures in the gradient expansion, transport coefficients are introduced. These
are nothing but the coefficients in front of each independent structure. It is a common practice
to simply include only first derivative terms to incorporate dissipative effects (such as shear and
bulk viscosities) and ignore the higher-derivative terms. Once this is done, we have a system of
equations that can be solved and is capable of determining the evolution of the system, namely,
∂µ (T
µ
0 ν + T
µ
1 ν) = 0 , ∂µ (J
µ
0 + J
µ
1 ) = 0 . (1.4)
These equations are the relativistic analogue of the Navier-Stokes equations. On top of just writing
down all possible structures Tµ1 ν and J
µ
1 constitute of, it is common to impose positivity of local
entropy production. In practice, one constructs an entropy (density) current sµ, where s0 in the
static fluid takes the form of local entropy density. Its divergence can be written schematically as
∂µs
µ =
∑
i
aiX(i)µ1µ2...X
µ1µ2...
(i) +
∑
j
bjX(i)µ1µ2...Y
µ1µ2...
(i) +O(∂3) , (1.5)
where Xµ1µ2...(i) and Y
µ1µ2...
(i) are some first derivative tensors constructed out of T , u
µ, µ, with
X 6= Y . Imposing ai ≥ 0 and bi = 0, which are functions of transport coefficients, guarantees that
the entropy production is positive definite, i.e., ∂µs
µ ≥ 0. This places a restriction on the values
of transport coefficients. Similar constraints can be found by imposing the local KMS conditions
coming from the effective action approach in [7]. See also [8] for the proof of positivity of ∂µs
µ
from unitarity of the microscopic constituents. An additional principle that places restrictions on
the values of transport coefficients are the Onsager relations, which are a direct result of assuming
time reversal symmetry to hold in the theory [9].
There is, however, a big caveat in the above construction. Strictly speaking, T , µ and vi, are
uniquely defined only in equilibrium. It is nevertheless possible to redefine them by adding terms
at higher-order in derivative expansion, e.g .,
T (x)→ T (x) + ðT + ... , µ(x)→ µ(x) + ðµ+ ... , vi(x)→ vi(x) + ðvi + ... , (1.6)
where ð denotes objects that are exactly first order in derivatives and are constructed from T, µ, vi.1
In principle, any choice, e.g., T (x) or T (x) + ðT , is an equally good macroscopic variable. The
same applies to µ(x) and vi(x). The freedom of the formalism to choose macroscopic variables is
usually referred to as frame choice (see e.g. [6, 10]). Chief among the popular frame choices are
1 The Icelandic letter ð, pronounced eth, can be used in latex via ‘\eth’.
5• Landau frame: This is where the macroscopic variable is chosen such that
TµνU
ν = −E˜(T, µ)Uµ , JµUµ = n(T, µ) , (1.7)
where E˜ , n represent out-of-equilibrium energy density and U(1) current density, which are
functions of only T (x), µ(x), vi(x) and not their derivatives. We denote Uµ as a fluid
4-velocity constructed from vi. Here, one can think of this frame as requiring the energy
density flux to vanish.
• Eckart frame: In this case, the variables are chosen such that
TµνUµU
ν = −E˜(T, µ) , Jµ = n(T, µ)Uµ , (1.8)
where, again, E˜ and n do not contain any derivatives of T (x), µ(x), vi(x). Here, one can
think of this frame as requiring the U(1) density flux to vanish.
• General frame: In this case, one picks δT , δµ, such that E˜ and n do not contain derivative
corrections but the choice of ðvi is not chosen to restrict TµνUν and Jµ. This makes it
possible to write down a superposition between Landau and Eckart frame.2
While these choices are used to simplify the equations of motion in Eq. (1.4), different choices
result in different PDEs which, in principle, can yield very different solutions.
In relativistic fluids, the consequence of the redefinition of these proxy macroscopic variables is
very pronounced. This issue is demonstrated in the seminal work by Hiscock and Lindblom [11],
which studies linearised perturbations of both a stationary fluid and a fluid flowing at constant
velocity, in all the frame choices mentioned above. Since these results are a crucial point in our
note, let us summarise them here. Upon imposing ai ≥ 0 and bi = 0 in Eq. (1.5), one finds that:
• A linearised perturbation around first order relativistic hydrodynamics is unstable in the
Eckart frame and in the general frame, even when the fluid is at rest. On the other hand,
the Landau frame is stable in this configuration.
• A linearised perturbation is unstable even in the Landau frame, when perturbed around a
flow with constant velocity.
2 Note that this notion of general frame is adopted from [11]. In some parts of the literature, the name general
frame can refer to the case where none of the choices of ðT and ðµ are made.
6These linear instabilities invalidate first-order relativistic hydrodynamics as an effective theory. In
the last few decades, numbers of proposals have been made to resolve this issue. Chief among them
is to introduce new macroscopic degrees of freedom, which alter the structures of hydrodynamic
modes at large frequency and wave vectors such as done in [12–16], for a review see e.g. [17].
Another populair approach is to view such unstable modes as an artifact of the truncation of the
gradient expansion [18–22]. The former is motivated by kinetic theory of gases [23], while the
latter emerges from the realisation of the hydrodynamical limit in a strongly coupled quantum
field theory with a holographic dual [24, 25]. We will return to some of these proposals in the
discussion of section II, as well as other open issues. Nevertheless, while these resolutions are
available and possibly correct (albeit in different regimes), one thing is clear: first order relativistic
hydrodynamics, as presented, is not a good description for fluids due to its linear instabilities.
One obvious question to ask is whether these artificial instabilities are specific to a fluid with
Lorentz boost symmetry or whether they are symptoms of the truncation of the gradient expansion.
In this note, we would like to present evidences toward the latter case. Particularly, we show that
first order fluids are unstable even when we replace the algebras of Tµν and Jµ from Poincare´ +
U(1) with the Bargmann algebra or with the Carrollian + U(1) algebra. The former is the usual
massive Galilean non-relativistic fluid (as we will see, this algebra is obtained in a more subtle way
than just a naive c → ∞ contraction of Poincare´ + U(1) algebra!), while the latter corresponds
to the contraction c → 0, which is sometimes referred to as ultra-relativistic limit. Because of
these potentially confusing naming conventions, we shall refer to these two types of fluids as non-
Lorentzian fluids. We found that the first order Carrollian fluid shares the same symptoms as the
Lorentzian fluid, as found in [11]. As for the Bargmann fluid, contradicting to what is commonly
believed, it turns out that not all “non-relativistic fluids” are stable. Namely, there are frame
choices where the Bargmann fluid also suffers from the spurious instability in the same way as the
Lorentzian fluid. It turns out that only the Eckart frame of a Bargmann fluid is stable.
Additionally, in section VI, we show that for a generic fluid without imposing any boost sym-
metry, it is also possible that such a fluid exhibits the same kind of instabilities as [11]. We fur-
thermore present conditions on transport coefficients for which the static first order fluid without
boost symmetry is stable. This analysis can be thought of as a guideline for making a frame choice
and extensions of hydrodynamics (which we briefly discussed above and will further elaborate in
Section II) to remove such spurious unstable modes.
Other than investigating the nature of the unstable modes of the Lorentzian and Bargmann
fluids, it is beneficial to study the spectrum of the Carrollian fluid [26–28]. Studying such a fluid
7can be relevant in the context of flat space holography, due to the connection between the Carrollian
group and the BMS group [29, 30]. See also [31] and references therein. Furthermore, it was argued
that the membrane paradigm can be cast into a Carrollian fluid formulation [32]. To the best of
our knowledge, little is known about the spectrum of hydrodynamic modes in Carrollian fluids.
We summarise our findings in Section II: which frame choice of what algebra is unstable under
what circumstances. We also discuss in what way these unstable modes could be removed. Section
III provides an overview of the technical details concerning thermodynamical variables and frame
choices, while Section IV and V are dedicated to computing of the spectra of Bargmann and
Carrollian fluids in different frame choices. Finally, in Section VI, we analyse the spectrum of a
static fluid without imposing any boost symmetry, in various frames.
II. SUMMARY AND OUTLOOK
We emphasise that we are not claiming that hydrodynamics (which supposedly describes real
fluids) is unstable. Our goal is to point out that (i) expressing Tµν and Jµ in terms of {T, µ, vµ}
and their first derivatives and (ii) imposing the strict positivity of ∇µsµ, namely ai ≥ 0 and bi = 0,
implies that first order hydrodynamics contains linear instabilities beyond Lorentzian symmetry.
Many of the controversial sounding statements have already been addressed, for decades, in the
literature. The results concerning instabilities of Lorentzian fluids, constructed via principles (i)
and (ii), are well-known [11, 17]. The theory of non-relativistic fluids, which has an even longer
history, presented as a gradient expansion of conserved currents can be found in, e.g., [6, 33] and
particularly [34]. The construction of a Carrollian fluid, on the other hand, has been considered
very recently [26–28]. Also, only not long ago a beginning was made in studying fluids with relaxed
boost symmetry conditions [28, 35]. Of course, there are many more developments of these fluids
that we can hardly do justice. What we did is simply analysing linear perturbations of these non-
Lorentzian fluids and show that they contain the same kind of artificial unstable modes as in the
Lorentzian case.
Let us now summarise what happens if we make different frame choices. In some frames, the
theory is outright unstable, see Figure 1 (LEFT). It contains modes in the lower-half complex ω
plane as well as poles in the upper-half plane. The latter poles exist even when the wave vector
ki = 0. If such poles are located in the lower-half plane, they will decay away in the hydrodynamic
regime (late time and long distance). However, the pole in the upper-half plane is an indication
of an instability of the theory. In some frame, this unstable mode disappears when the fluid is
8at rest or, more specifically, when one studies the perturbation around the fluid with vanishing
momentum density of the fluid, Pi := T
0
i = 0. However, it becomes unstable when Pi is nonzero,
see Figure 1 (RIGHT). Table 2 below, summarises the scenario in which unstable modes occur in
a fluid with Lorentzian + U(1), Bargmann, or Carrollian + U(1) as its symmetries in both Eckart
and Landau frame.
We furthermore show, that if one relaxes the constraint of boost symmetry, there are still
possibilities for instabilities in a static fluid. One can use our results as a guideline for putting
restrictions on values of transport coefficients for which, at least for a static fluid, the instability
is absent.
As for the Carrollian fluid, we can trace the instability from the Lorentzian fluid via the c→ 0
contraction (see Section V). Another subtle issue of the Carrollian fluid that we found, is the lack
of sound modes up to first order, even though the theory is invariant under translations. This can
be seen from the fact that the susceptibility of the energy density and the momentum density (as
well as of energy density and U(1) density) vanishes. The collective excitations, therefore, turn
FIG. 1: (LEFT) The pole structure of the transverse fluctuations around the static (Pi = 0),
homogeneous configuration of a Lorentzian, Bargmann or Carollian fluid in general frame. The
unstable mode is moved towards ω → +i∞ and is removed from the spectrum as one
continuously tunes the transport coefficient towards the Landau frame (for Lorentzian and
Carrollian fluid) and Eckart frame (for Bargmann fluid). (RIGHT) This panel illustrates the
unstable mode in the Landau frame of a Carrollian or a Lorentzian fluid at Pi 6= 0, which moves
down from ω → +i∞ as we move away from Pi = 0 configuration. This pole is absent in the
Eckart frame of the Bargmann fluid.
9Landau frame
Pi = 0
Landau frame
Pi 6= 0
Eckart frame
Pi = 0
Eckart frame
Pi 6= 0
Lorentzian + U(1) Stable Unstable Unstable Unstable
Bargmann Unstable Unstable Stable Stable
Lorentzian + U(1)
c→ 0 limit
Stable Unstable Unstable Unstable
FIG. 2: In this table, we showcase an overview of instabilities of first order hydrodynamics,
including our results. Here Pi := T
0
i denotes momentum density, which can be made zero or
non-zero by performing a boost.
out be diffusive modes. Furthermore, we found that simply taking the c → 0 contraction of both
frames of a Lorentzian fluid, does give rise to Carrollian fluids, but they seem to be non-connected
by a frame choice. In other words, they might both be different manifestations of a Carrollian
fluid. This seems to reflect the fact that the longitudinal fluctuation, in the one obtained via the
c → 0 limit of the Lorentzian fluid in the Landau frame, exhibits two diffusive modes, while the
one obtained via the c → 0 limit of the Lorentzian fluid in the Eckart frame only contains one
diffusive mode. Since diffusive modes are physical quantities, it is an indication that choosing
different frame choices before taking the c → 0 limit results in two different theories. It would
be interesting to better understand this fact from the construction of Carroll fluids without using
c→ 0 contractions.
One thing we should note is the fact that the choice of out-of equilibrium proxies T, µ, vi is called
frame choice, is rather misleading. The word frame choice sounds as if it has something to do with
the reference frame of a certain boost symmetry. We have already seen from the current note,
that it has nothing to do with boost symmetry. Moreover, it sounds as if it is our choice to choose
whichever frame we want to simplify a computation. For first order hydrodynamics, different frame
choices can lead to (different) instabilities. One could argue that a reasonable effective description
of a fluid, should be formulated in a frame choice in which it makes the system, at least, linearly
stable. However, away from the practical point of view, there is no fundamental principle that
can distinguish one frame choice from another. It would be very interesting to find a microscopic
way to derive these out-of-equilibrium macroscopic proxies in a way that the frame choice would
be completely determined. In other words, when we obtain hydrodynamics from truncating higher
spin currents (as in kinetic theory) or from truncating the infinite series (as in holography), is it
possible to consistently determine a good definition of macroscopic variables? To the best of our
10
knowledge, this issue remains unresolved.
What do all of these analyses mean in a bigger picture? One question at the back of our minds
is why does hydrodynamics work so well? A conventional answer is: because hydrodynamics is a
gradient expansions of Noether currents in terms of macroscopic quantities. But as we have already
seen here, as well as in previous works, choosing some version of macroscopic variables leads to
artificial instabilities. While these phenomena are well-documented in the Lorentzian fluid, we
show that such instabilities can occur beyond the Lorentzian fluid in first order hydrodynamics.
The exception that we found is in the non-relativistic (Bargmann) fluid in the Eckart frame. The
absence of the spurious instability in the Eckart frame of the Bargmann fluid makes sense, since
it is nothing else than the famous and well tested Navier-Stokes equations. But what about other
incarnations of first order hydrodynamics? Can they still serve as good effective descriptions,
despite their instabilities? While we, regrettably, cannot provide a conclusive answer, there are
several proposals concerning the modification of first order hydrodynamics in the Lorentzian case,
where the artificial instability is well investigated. Let us review some these possibilities below:
• Mu¨ller-Israel-Stewart (MIS) type theory: Inspired by kinetic theory,3 one way to formulate
a theory that is free of the mentioned unphysical instabilities is to reformulate the theory in
the Landau frame and promote the dissipative part tµν of the stress-energy tensor to a full-
fledged dynamic field (see e.g. Eq. (3.3) of Section III for more details on the conventions).
It is then required to provide additional equations of motion beyond the conservation law
for tµν , see e.g. [12–14]. While being useful phenomenologically, its physical origin is rather
unclear. Moreover, such equations are not unique as seen in [15, 16], where the additional
equation is modified in order to ensure causality and hyperbolicity (see also [17] for review).
It was recently argued in [37], from the point of view of memory matrix formalism, that
theories described by MIS theory contain an additional slightly broken symmetry, where the
equations of motion of tµν can be thought of as the almost conservation law. If true, it could
justify the presence of the added degrees of freedom and their equations of motion. While
these possibilities have been explored for the Lorentzian fluid, we are not aware of works in
this direction for non-Lorentzian first order hydrodynamics.
• Hydrodynamics as a gradient expansion: In strongly interacting systems, the gauge/gravity
duality provides a description of hydrodynamics as an infinite series of gradient expansions.
3 See e.g. [36] for a derivation of a theory similar to MIS theory from (truncated) higher-spin currents in kinetic
theory. A brief recent discussion on the role of higher-spin currents in the kinetic theory of gases can also be found
in [37].
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From the dual gravity side, the artificial instability is absent and thus implies that hydro-
dynamics as a gradient expansion should also be stable. This strongly suggests that the
instability of Hiscock-Lindblom type originates from truncating the infinite gradient expan-
sion series. Of course, one will immediately ask whether there is a way to consistently
truncate the series and, if the truncation to first derivative is problematic, how many orders
in the derivative expansion we should keep. It would be interesting to use the gauge/gravity
duality, particularly the method to extract nonlinear constitutive relations from a gravity
dual such as [25, 38–43], to gain more insight into these questions.
• The entropy current: Recently it was shown that there is a way of making first order un-
charged Lorentzian hydrodynamics stable, evading the shortcoming of the constructions
mentioned above [44–46]. The authors of [44–46] argued that there is a class of frame
choices (neither Eckart or Landau frame), where E˜ and TµνUν receive derivative corrections,
which are linearly stable. Furthermore, as particularly emphasised in [45], the constraint on
the entropy current is relaxed to only the configuration that obeys the equations of motion.
This approach constrains the transport coefficients considerably less than the approach used
in [11] (we shall review this construction shortly in Section III). It would be interesting to
understand if there is a physical reasons, other than the fact that they are stable, why these
frame choices are the preferred one.
Furthermore, we would like to point out the role of the Carrollian fluid as a potential dual
description of gravity theory in asymptotically flat spacetime [29–31]. When one would be able to
construct an equivalent of the well studied AdS/CFT fluid-gravity correspondence, see [47] for a
review, one could imaging using Carrollian fluids as an input to learn about the dynamics of flat
spacetime (or vice versa). We contribute to this avenue of research by showing that a Carroll fluid
in Landau frame is, from the instability point of view, as trust-worthy as the relativistic fluid in
Landau frame (which is employed in the context of fluid-gravity). The absence of the sound mode,
at least up to first order, could be an interesting fact in the light of this construction.
Finally, in the context of the membrane paradigm, it is suggested that some stretched membrane
near the horizon of a black hole experiences the emergence of Carrollian symmetries [32]. In
particular this would imply that a fluid description of the dynamics on such a membrane, at least
at leading order, is governed by a Carrollian fluid. More specifically, the here established results
should be found to be encoded in the horizon dynamics of a black hole.
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NOTE ADDED: The work of [48], appeared in parallel, also discussed frame choices of the fluid
without boost which overlap with Section III C 3 and Appendix A of our manuscript. Furthermore,
Ref.[48] also extend the constitutive relations for such fluid, from the case where fluid is at rest
(discussed in Section III C 3), to the case where it attains finite velocity.
III. TECHNICAL OVERVIEW
The goal of this section is to review important concepts and aspects of different fluids, while
establishing notation. We will start by considering the relativiitfluid with relaxed boost constraints.
A. Relativistic fluid
Let us consider a relativistic fluid with some U(1) charge. Here, relativistic refers to the fact
that the fluid has symmetries according to the Poincare´ group. We introduce fluid velocity vi,
which we will incorporate into (covariant) fluid velocity Uµ. In order to expand our constitutive
relations perpendicular and orthogonal to Uµ, we construct projector ∆µν . We explicitly take
Uµ :=
(1, vi)√
1− v2
c2
, ∆µν := δ
µ
ν +
UµUν
c2
. (3.1)
In order to raise and lower indices we use the metric gµν for the Lorentzian fluid. Note that we
will work in the convention where UµUµ = −c2 and that the metric in flat space is
gµν = −c2dt2 + δijdxidxj , (3.2)
where i, j = 1, 2, 3, .., d labels the spatial direction. Projecting perpendicular and parallel to Uµ,
we find that the constitutive relations of a relativistic fluid, with some U(1) charge, can generically
be written as
Tµν = E˜U
µUν + P∆µν + (QµUν + UµQν) + tµν ,
Jµ = NUµ + jµ .
(3.3)
Here E˜, P, N are scalars, the vectors jµ and qµ are transverse (to Uµ) and the tensor tµν is
transverse, symmetric and traceless. These scalars, vectors and tensor are, in principle, functions
of all possible (derivatives of) Uµ, temperature T and chemical potential µ.
Temperature and chemical potential are related to pressure P and internal energy density E˜ via
the following first law and Euler relation4
dE˜ = Tds+ µdn˜ , E˜ + P = Ts+ µn˜ . (3.4)
4 When considering thermodynamics we adopt the notational conventions of [28].
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At the level of the perfect fluid, the constitutive relations receive (by construction) no derivative
corrections and thus E˜ = E˜/c2, P = P , N = n˜ and qµ = jµ = tµν = 0. Once one has obtained a
closed form of the constitutive relations like in the perfect fluid case above, one can compute the
equations of motion for a fluid, which are defined by ∂µT
µ
ν = 0, ∂µJ
µ = 0.
We are interested in fluids with first order corrections in derivatives. As discussed in the
introduction, see the text surrounding equations Eq. (1.7) and Eq. (1.8), one has to adopt a frame
choice and require for the entropy current sµ for which ∂µs
µ ≥ 0 for all fluid configurations. All
these results combined, results in following expressions for E˜,P,N and tµν for all considered frames
[10]
E˜ =
E˜
c2
, P = P − ζ∂λUλ , N = n˜ ,
tµν = −ηΣµν := −η∆µα∆β ν
(
∂αUβ + ∂βUα − 2
d
ηαβ∂λU
λ
)
.
(3.5)
Depending on frame, the vectors qµ and jµ are different. For the Eckart frame, see Eq. (1.8),
one finds the requirement
Qµ = −κ∆µν(TUλ∂λUν + ∂νT ) , jµ = 0 , (3.6)
whereas the Landau frame, see Eq. (1.7), requires
Qµ = 0 , jµ = −σT∆µν∂ν µ
T
. (3.7)
Here the transport coefficients η, ζ, σ are positive definite. The heat conductivity can be related
to charge conductivity via κ = σ(E˜ +P )/(n˜2T ). The general frame is a superposition of the two
frames above, where there is no more relation between σ and κ. In [11], it was argued that the
divergence of the entropy production can be expressed as
T∂µs
µ = −tµνσµν − (P − P )∂λUλ −Qµ∆µν
(
TUλ∂λU
ν + ∂νT
)
− jµ∂µ(µ/T ) , (3.8)
where Tsµ = PUµ − TµνUν − µJµ = sUµ + (first derivative correction). It is then concluded that
for P and tµν in (3.5) with
Qµ = −κT∆µν
(
TUλ∂λUν +
∂νT
T
)
, jµ = −σT∇µν∂ν
(µ
T
)
, (3.9)
where the transport coefficients are constrained to be
η ≥ 0 , ζ ≥ 0 , σ ≥ 0 , κ ≥ 0 . (3.10)
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The above conditions are guaranteed to give positive entropy production in any fluid configuration.5
These constraints will be inherited by non-Lorentzian fluids that can be obtained through the
c→∞ and the c→ 0 limit of the Lorentzian fluid.
The linear stability analysis of Eckart, Landau and general frame of this theory has been per-
formed in [11]. We already summarised their results in previous sections and will therefore not
repeat it here.
B. From Lorentzian to Bargmann and Carrollian fluids
In this section, we will give a summary of the procedure on how to obtain the constitutive
relations of Bargmann and Carrollian fluids, from the Lorentzian one. The steps presented here
are not new, but it can be useful for comprehending different frames in different fluids.
Firstly, it proves useful to write down the metric in such a way that the time direction is
apparent. Namely,
gµν = −c2τ¯µτ¯ν + hµν , gµν = − 1
c2
τµτν + hµν , (3.11)
where τµ, τ¯µ, h
µν , hµν satisfy the orthogonality conditions
τµhµν = 0 , τ¯µh
µν = 0 , τµτ¯µ = 1 , (3.12)
and the projector to the plane orthogonal to {τµ, τ¯µ} is Pµν := hµρhρν . Why are we doing this,
instead of simply taking the flat Minkowski space limit and performing c→∞ (to Bargmann) or
c→ 0 (to Carrollian)? Firstly, it is useful to keep the generic metric, in order to define a generating
function. Secondly, this notation allows us to take the limit in a covariant way, while being able
to keep track of the transformations of the geometric quantities, such that is ensured that the
Bargmann and Carrollian algebra are manifest in these fluids.
Let us start with the c→∞ limit, in order to obtain the Bargmann fluid constitutive relations.
Afterwards, we proceed to obtain the Carrollian fluid constitutive relations. While the former
metric was introduced in general form, our computations will be done only in flat space, where
τµ = δµ0 , τ¯µ = δ
0
µ , u
µ = (1, vi) , hµν = diag(0, 1, 1, 1) , (3.13)
which might be useful in order to visualise the computation.
5 It is argued, see e.g. Appendix A of Ref.[45], that this constraint is too strong and that, upon restricting to on-shell
configurations, the positivity of ∂µs
µ provides less constraining conditions on the transport coefficients.
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1. Bargmann fluid
Let us first start with the fluid velocity. It is convenient to decompose the Lorentz covariant
velocity as
Uµ = γuµ , uµ = hµνu
ν , where lim
c→∞U
µ = uµ , (3.14)
and where the velocity uµ is no longer normalised to speed of light, i.e., u2 := uµu
µ 6= −c2 but
instead u2 = v2. Note that τ¯µu
µ = 1, but τµuµ = τ
µhµνu
ν = 0. After some algebra, we obtain the
following c→∞ limit of the (Lorentzian) projectors
lim
c→∞∆
µν = hµν ,
lim
c→∞∆
µ
ν = h
µρ
(
hνρ − τ¯νuρ − τ¯ρuν + τ¯ν τ¯ρu2
)
,
lim
c→∞∆µν = hµν − τ¯µuν − τ¯νuµ + τ¯µτ¯νu
2 .
(3.15)
Note the influence of factors of c in the metric tensor.
We might think that by simply taking c → ∞ of the Lorentz constituitive relations, we will
obtain the Bargmann constituitive relations on the nose, but there are some subtle issues there.
To start, a naive c → ∞ limit of the Lorentzian fluid will give us a vanishing momentum density
flux: Pi := T
0
i = 0, see e.g. [28]. This is in conjunction with the fact that the boost generator Qi
and generator of translations Ti commute in the naive c → ∞ limit of the Poincare´ algebra, see
e.g. [49], implying that a fluid at rest cannot be boosted to finite momentum. This is clearly an
unnatural feature for a non-relativistic fluid in everyday life and in this limit, one ought to modify
the commutator
[Qi, Tj ] = 0 , to [Q
i, Tj ] = −δijmN ,
which results in what is known as the Bargmann algebra. The parameter m plays the role of
mass in the non-relativistic theory and N is the generator of the U(1) central extension. It will
turn out that due to this central extension, boosting the fluid will cause the momentum to change
accordingly. In the context of the c → ∞ contraction, the modification of the commutator above
arises from the choice of considering a term on the right hand side that is otherwise suppressed.
The above limit where Pi = 0 (or equivalently, m = 0), is referred to as Massless Galilean fluid
[28] and to get away from it at the level of constitutive relations, we first note the ambiguity of the
c→∞ limit of the metric written in the form of Eq. (3.11). That is, we can perform the following
transformation as c→∞
τ¯µ → τ¯µ − 1
c2
Ψµ , hµν → hµν − 2τ¯(µΨν) +
1
c2
ΨµΨν , (3.16)
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which also shifts the corresponding background U(1) gauge field, attributed to the central extension,
by Aµ → Aµ +mΨµ. Here Ψµ is an O(c0) quantity and the c→∞ limit, implies that only Aµ and
hµν transform.
6 This shift symmetry is called Milne boost [51] and ensures a relation between the
U(1) current J i and the momentum density flux Pi, see also [34, 50, 52] for a recent discussion,
where most material in this subsection is based upon. The Milne boost can be thought of as a
geometric implementation of the Galilean boost.
Now, we finally have the machinery to take the c → ∞ limit properly. It turns out that by
directly taking the c → ∞ limit of the stress-energy tensor, we find the Milne boost invariant
object T µν , defined via
T µν = lim
c→∞ c T
µν
Lorentz . (3.17)
Milne boost invariance implies furthermore
Jµ := m lim
c→∞ c J
µ
Lorentz = T µν τ¯ν , Pµ = Jνhµν . (3.18)
For all practical purposes, we can think of the above relation as a definition of the U(1) current
and the momentum density current. The other Milne boost invariant object that is crucial to this
theory, is the Milne boost invariant energy density
E˜µ = − lim
c→∞
(
TµνLorentzUν +mc
2 JµLorentz
)
. (3.19)
Note that this is not the total energy density of the system as the latter is not invariant under a
Milne boost. The Milne Ward identity (3.18) combined with E˜µ and T µν , serves as macroscopic
data, analogous to Tµν and Jµ in the Lorentzian case.
From the above, it follows that regularity in the c → ∞ limit alters our definition of frame
choice between Lorentz and Bargmann. Substituting the constitutive relation in Eq. (3.3) into the
Milne invariant current (3.17) and (3.19), we find that
E˜µ = E˜uµ + ηµ ,
T µν = nuµuν + Phµν + uµqν + uνqµ + tµν ,
(3.20)
where first order derivative dissipative terms for a Bargmann fluid are {ηµ, qµ, tµν}, which are
orthogonal to τ¯µ. These objects can be related to first order derivative terms {Qµ, jµ, tµν} in the
Lorentzian fluid via
Qµ =
1
c
qµ +
1
c3
(ηµ + ...) +O(c−5) , mjµ = 1
c
qµ +
1
c3
(...) +O(c−5) , (3.21)
6 Note also that in order to ensure that hµν remains a rank d tensor (d = 3 in our case), we need Ψµ = ψµ − 12 τ¯µψ2
where ψµτ
µ = 0 and ψ2 = hµνψµψν . See also Section 2 of [50] for a thorough discussion.
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where the ellipsis denote terms that do not enter into the constitutive relations. Note that the
leading order in 1/c of Qµ and mjµ are equal, due to the Milne boost Ward identity. The field
redefinition can then be used to remove either ηµ or qµ, but not both. This is the analogous to
the Eckart and Landau frame in the Lorentzian case. More precisely, following [34], the Landau
frame is defined for a theory where the Milne invariant energy density E˜µ receives no derivative
correction, i.e., E˜ = E˜uµ and the Eckart frame is defined by demanding the analogous condition
for the U(1) current density, i.e., Jµ = T µν τ¯ν = nuµ. These conditions are reflected in terms of
the constitutive relations (3.20) as
(Bargmann) Landau frame : ηµ = 0 , qµ 6= 0 ,
(Bargmann) Eckart frame : ηµ 6= 0 , qµ = 0 .
(3.22)
How are these frame choices related to the Eckart and Landau frame in the Lorentzian fluid?
Let us first consider the Lorentzian Landau frame where jµLorentz 6= 0. One finds that this gives
the non-relativistic theory where qµ = 0 [50]. Similarly, for the Lorentzian Eckart frame, where
JµLorentz = n˜U
µ, we find that the U(1) current also receives no derivative corrections and thus its
c→∞ limit ends up in the (Bargmann) Eckart frame as well. To summarise this:7
(Lorentzian)
Landau frame : Qµ = 0 , jµ 6= 0
Eckart frame : Qµ 6= 0 , jµ = 0
 =⇒
(Bargmann)
Eckart frame : qµ = 0 , ηµ 6= 0
Essentially, the frame choices in the Lorentzian fluid do not necessarily result in the same frame
choice in the Bargmann fluid, once the limit c→∞ is taken. The actions of picking a frame choice
and taking the c→∞ limit do not commute!
Working with these Milne invariant quantities is convenient. However, their interpretation is
slightly different from the stress-energy tensor Tµν in Eq. (1.2), as the latter does transform under
the Milne boost. Moreover, the Milne invariant energy density current E˜µ, is not the total energy
density of the system and the resulting equations of motion are different from the Ward identity
presented in the introduction.8 In order to unify notation, we will work with the non-Milne boost
invariant quantities, which in flat space, can be obtained via
T 00 = E˜0 +
(
uν − 1
2
τ¯νu
2
)
T 0ν ,
T i 0 = E˜ i +
(
uν − 1
2
τ¯νu
2
)
T iν ,
T 0i = Pi , T
i
j = T iµhµj ,
(3.23)
7 If one starts from a Lorentz fluid in a general frame, one can obtain a Bargmann fluid in Landau frame.
8 See e.g. Section 2 of [34] for a derivation.
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and Jµ = (J0, J i). These quantities obey the Ward identity in Eq. (1.2), as shown in [34]. Their
explicit constitutive relation is given in Section III C 1 and the linear stability analysis can be found
in Section IV.
2. Carrollian fluid
The Carroll fluid is obtained as a c → 0 contraction of the Poincare´ group [26–28]. The
constituitive relations are obtained directly by taking this limit, akin to the massless Galilean case
but in contrast to the Bargmann case. This is due to the absence of a central extension for the
Carroll algebra in general, see e.g. [53, 54].9
In order to take the c→ 0 limit appropriately, one has to take the fluid velocity vi faster to zero
that c in this limit, in order to avoid branch cuts. We execute this by introducing inverse velocity
wi and equating vi = c2wi [55], which we write more covariantly as wµ = Pµiw
i and ων = hνiw
i.
The constitutive relations can be obtained from Lorentzian fluid constitutive relations by taking
the limit c→ 0,
Uµ = τµ + c2
(
wµ +
1
2
τµw2
)
+O(c3) , Uν = c2 (τ¯ν + wν) +O(1) ,
ηµν = hµν +O(c2) , ηµν = − 1
c2
τµτν +O(1) ,
∆µν = δ
µ
ν − τµτ¯ν + τµwν , ∆µν = hµν + w2τµτν + τµwν + τνwµ +O(c) ,
(3.24)
while the transport coefficient is scaled as
η → η/c2 , ζ → ζ/c2 , κ→ c2κ . (3.25)
Note that in this limit, qµUν ∼ O(c2) while qνUµ ∼ O(1).
There are several peculiar features of the Carrollian fluid. Firstly, while the fluid velocity vi → 0
in the c→ 0 limit, the momentum density flux Pi = T 0i is non-zero when wi 6= 0. In other words,
momentum density flux is not related to the fluid velocity. This is in conjunction with the result
in [56], which claims that a Carollian particle cannot move. Their momentum density and U(1)
current expectation value can, nevertheless, be nonzero and can be transported by a diffusion
process, as we will show in Section V.
Secondly, the Ward identity of the Carroll boost, T i 0 = 0, puts the energy density flux to zero
by construction. This makes the notion of the Landau frame in (1.7) rather obscure. Nevertheless,
9 In some sense the Carroll algebra is already extended since one has [Qi, Tj ] = δ
i
jH, where H is the Hamiltonian.
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as one obtains explicit constitutive relations for the Carrollian fluid via the Lorentz fluid, some of
the former’s properties are inherited from the latter. For example, the Lorentzian Eckart frame
condition jµ = 0 persists as one takes c → 0 limit, just as what one would expect. We note,
however, that we cannot relate these resulting frames to one-another using a shift in µ, T and
wµ, which we will soon show in Section III C 2. This is curious, but does not change the fact that
we have a self consistent Carroll fluid. We will also present the explicit constitutive relations in
Section III C 2 and, in Section V, we present a study of the stability of the resulting fluids.
C. Explicit constituitive relations
From a perspective of a unified framework and in the spirit of [35], we present a translationally
and spatial rotationally invariant fluid, including a U(1) symmetry as well, from which we can
reproduce the constitutive relations for Bargmann and Carroll, by invoking the relevant (boost)
Ward identities. We can also reproduce a specific fluid without boost invariance. The constitutive
relations of such a unified fluid can be given by
Tµν =− E˜1uµτν − E˜2τµτν + P1Πµν + P2 (δµν − τµτµ) +M1uµΓν +M2τµων
+ iµuν − qµτν + uµq1ν + τµq2ν + tµν ,
Jµ = N1uµ +N2τµ + jµ ,
(3.26)
where Γν := uν − v2τν and tµν is traceless. In the current context we define Πµν = δµν − uµτν
and uµ = hµνu
ν . The introduced scalars, vectors and tensor above are defined in the same vain
as the relativistic case, see text below Eq. (3.3), with respect to taking into account the gradient
expansion. From the thermodynamics point of view, we have a slightly more general first law and
Euler relation than in the relativistic case:
dE˜ = Tds+ µdn− 1
2
ρdv2 , E˜ + P = Ts+ µn , (3.27)
where ρ is generalized mass density [28]. Since there is a priori no boost symmetry, this generalized
mass density can be thought of as a chemical potential.
Finally we comment on the entropy current constraint [6], as presented in Eq. (1.5). We can
typically express the entropy current divergence ∂µs
µ in terms of the constitutive relations. This
especially means that ∂µs
µ is expressed in terms of transport coefficients such as viscosity. Re-
quiring ∂µs
µ ≥ 0 for all possible fluid configurations (not just on-shell), implies conditions on the
transport coefficients. This condition was explicitly checked for all fluids used in this note, except
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for the Carrollian fluid. However, since the Carrollian fluid is a limit of the Lorentzian fluid, for
which we did apply this entropy current condition, it is reasonable to assert that the Carrollian
fluid satisfies the entropy current condition.
1. Bargmann constitutive relations
As a result of Milne or Galilean boost invariance, we obtain the Ward identity T 0i = mJ
i. Here
m is the particle mass, since typically Jµ is considered to be related to particle number conservation
in this setup. As a result: ρ = mn.
Using the above relation between ρ and n, we can rewrite Eq. (3.27) to be
dEˆ = Tds+ µˆdn , Eˆ + P = Ts+ µˆn , (3.28)
where we redefined
Eˆ = E˜ + 1
2
mnv2 , µˆ = µ+
1
2
mv2 . (3.29)
Let us now give the constitutive relations of this fluid, using the framework presented by the more
general fluid in Eq. (3.26). For a Bargmann fluid, in the here considered frames, one finds [34]
E˜1 = E˜ , P1 = P − ζ∂λuλ , M1 = mN1 = n , tµν = ησµν , (3.30)
where σµν := limc→∞Σ
µ
ν = hµα
(
τνh
βρuρ − P βν
) (
∂αuβ + ∂βu
α − 2dhαβ∂λuλ
)
and E˜2 = P2 =
M2 = N2 = q2ν = 0. In the Eckart frame one finds
iµ = jµ = 0 , qµ = −κhµα∂αT , q1ν = 0 . (3.31)
Similar to the Lorentz case, the Eckart frame is defined as having vanishing particle density flux.
For the Landau frame it is found that
iµ = jµ = V µ , qµ = −1
2
u2V µ , q1ν = (hνλ − τνuλ)V λ , (3.32)
with V µ = −σuν∂νuµ − σTPµλ∂λ µˆT . The Landau frame is defined as vanishing Galilean boost
invariant energy density flux [34]. Furthermore, κ = σ(Eˆ + P )2/(n2T ). The general frame is
given by
iµ = jµ = V µ , qµ = −1
2
u2V µ − κhµα∂αT , q1ν = (hνλ − τνuλ)V λ . (3.33)
In this frame, κ and σ are independent. In all the here presented cases κ, σ, ζ and η are positive,
due to explicit check of the entropy current.
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2. Carroll constitutive relations
A Carrollian fluid has to obey the Ward identity T i0 = 0. In other words: the energy density
flux of a Carrollian fluid always vanishes. The thermodynamics are given by
dE˜ = Tds+ µdn , E˜ + P = Ts+ µn , (3.34)
since v2 → 0. The constitutive relations can be fit into the framework in Eq. (3.26) using
E˜2 = E˜ , P2 = P − ζ∂ρ
(
wρ +
1
2
w2τρ
)
, M2 = E˜ + P , N2 = n , iµ = qµ = 0 ,
tµν =− η
[
Π˜µρ∂ρwν + h
µρΠ˜σν∂σwρ + τ
µwρΠ˜σν∂σwρ −
2
d
Π˜µρhρν∂λ
(
wλ +
1
2
w2τλ
)]
,
(3.35)
with E˜1 = P1 = M1 = N1 = q1ν = 0, Π˜µν = limc→0 ∆µν = δµν − τµτν + τµwν and Π˜µν =
limc→0 ∆µν = hµν +w2τµτν + τµwν + τνwµ. One finds that these Carroll projectors are transverse
to τµ and τν − wν . The results for these constitutive relations are obtained by taking c→ 0, such
that the result automatically satisfies the entropy production constraint.
Starting from the Landau frame in the Lorentzian fluid, one can obtain the Carrollian
constitutive relations using (3.24). The resulting first derivative terms can be written as
q2ν = 0 , j
µ = −σΠ˜µν∂ν µ
T
. (3.36)
If, instead, we take c→ 0 limit, starting from Eckart frame of Lorentzian fluid, we find that
q2ν = −κ
(
∂νT − τ¯ντα∂αT + Tτλ∂λwν + wντα∂αT
)
, jµ = 0 . (3.37)
We retain the relation κ = σ(E˜ + P )2/(n2T ). In the case where the limit c→ 0 is taken from the
Lorentzian fluid’s general frame, we have
q2ν = −κ
(
∂νT − τ¯ντα∂αT + Tτλ∂λwν + wντα∂αT
)
, jµ = −σΠ˜µν∂ν µ
T
. (3.38)
Here κ and σ are in principle independent. In all cases here, κ, σ, η and ζ are non-negative due to
the positivity of ∂µs
µ.
We want to focus some attention to the choice of frames in the c→ 0 contraction. In order to
call the Landau frame and Eckart frame, as presented above, true frame choices of a Carroll fluid,
these frames should be connected by a frame transformation, which can be induced by invoking
[10]
T → T + ðT , µ→ µ+ ðµ , wµ → wi + ðwi , (3.39)
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where terms accompanied by ð denote those terms to be of first order in derivatives. Focussing on
the influence of this transformation on Jµ, we see
Jµ(T + ðT, µ+ ðµ+ wi + ðwi) = (n+ ðn)τµ + jµ +O(∂2) (3.40)
where N2(T + ðT, µ+ ðµ,wi + ðwi) = n+ ðn(ðT, ðµ, ðwi) +O(∂2). Thus, using a transformation
as in (3.39), which enables frame transformations, one is only able to fix the zeroth component j0
of jµ. In other words, the Landau frame and Eckart frame presented above cannot be related by
a frame choice, since this would require changing the i component of ji. This issue ought to be
sorted out by constructing a Carroll fluid directly, rather than using reductions from a Lorentzian
fluid. However, that is beyond the scope of this paper.
3. A more general fluid: relaxing the boost constraint
In [35], a static fluid without (necessarily) imposing boost symmetry, but with translational
and rotational invariance, was studied. This was done in a linearised setting, where the fluid
background velocity was put to zero, i.e. uµ = τµ + δuµ. In order to fit the results of [35] in the
currently used framework, we restricted ourself to the case where E˜2 = 0, P2 = 0,M2 = 0, N2 = 0,
q2ν = 0 in (3.26). One obtains the following linearised constitutive relations
Tµν =−
(
E˜ + δE˜1
)
τµτν + (P + δP1)Pµν −
(
E˜ + P
)
δuµτν + ρτ
µδuν + τ
µδq1ν − δqµ1 τν ,
Jµ =nτµ + nδuµ + δN1τµ + δjµ ,
(3.41)
where δ denotes that an object is exactly of order linear in derivatives (all others are constants). It
turns out that δjµ = 0 is equivalent to the Landau frame, whereas δqµ = 0 is equivalent to Eckart
frame. In both frames we have
E˜1 = E˜ , P1 = P − ζ∂λuλ , M1 = ρ , N1 = n , (3.42)
q1ν = −pi∂tδuν + αTPαν∂αδ
µ
T
, δE˜1 = δN1 = 0 , δP1 = −ζ∂κδuκ , δtµLν = ηδσµν . (3.43)
Now one has the relations
ζ = ζ + f(a˜T , a˜ µ
T
) , pi = pi − a˜T , α = α− a˜ µ
T
, (3.44)
where a˜T and a˜ µ
T
are some functions of a(T, µT ), which is a non-dissipative transport coefficient.
That means that a(T, µT ), and thus also a˜T and a˜ µT
, does not appear in the entropy current and
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therefore is not restricted to any specific range of values. Here f(a˜T , a˜ µ
T
) is some function of the
two arguments and various thermodynamic quantities. This object will not play any role in our
further analysis.
Furthermore we have dissipative transport coefficients: ζ ≥ 0, η ≥ 0, pi ≥ 0, σ ≥ 0, α2 ≤ piσ.
These bounds on the transport coefficients are found by examining the entropy current as done in
[35]. In the Landau frame (δqµ = 0) one finds
δjµ = α∂tδu
µ − σThµν∂νδ µ
T
, δq1ν = −pi∂tδuν + αTPαν∂αδ
µ
T
. (3.45)
We can construct the Eckart frame by considering a transformation of variables from the results
of the Landau frame, of which the technical details can be found in Appendix A. For the Eckart
frame (δjµ = 0) we find
δq1 ν =−
(
pi + α
ρ
n
)
∂tδuν +
(
α+ σ
ρ
n
)
TPαν∂αδ
µ
T
, δqµ1 =
E˜ + P
n
(
α∂tδu
µ − σThµν∂νδ µ
T
)
. (3.46)
In Section VI, we consider the stability conditions for this fluid. Furthermore, we can reproduce
the Bargmann and Lorentz results directly, by applying the relevant Ward identities (Carroll can
be obtained by employing the familiar c→∞ contraction). For the different boost cases, the frame
choices coincide with what is done for the more general fluid, due to being in a linearised and static
regime.
IV. INSTABILITIES OF FLUIDS WITH GALILEAN BOOST SYMMETRIES
In this section, we study the spectrum of the fluid with Bargmann symmetry. We will focus
on a fluid that lives in flat 3 + 1 spacetime dimensions. As discussed in Section III, choosing the
Eckart or Landau frame in the Lorentzian fluid and taking c→∞, results in different constitutive
relations from taking c → ∞ first and then choosing the frame in the Bargmann fluid. To keep
the physical picture consistent, we shall refer to the Eckart frame in this section as the theory with
Jµ = n˜uµ, without a derivative correction after taking c → ∞ limit. Similarly, the Landau frame
will refer to a theory with Galilean boost invariance where the Milne invariant energy density E˜µ
receives no derivative corrections. Their relations with frame choices in the Lorentzian fluid are
discussed in Section III B.
It turns out that the Landau frame in this theory is unstable even when the fluid is static
and homogeneous. The Eckart frame, on the other hand, is stable and remains so when the fluid
acquires a finite momentum. In hindsight, the stability of the Bargmann fluid’s Eckart frame is
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not surprising since it reproduces precisely the Navier-Stokes equations, as is well known. What is
more interesting, is that a general frame of non-relativistic (Bargmann) fluid, like the relativistic
fluid, is unstable. It turns out that the Eckart frame is a special case.
A. Landau frame
We follow the standard procedure of linear perturbation in e.g. [57], namely
λ(t, xi) ∼ λ+ δλ e−iωt+ikixi , λ = {T, µˆ, vi} , (4.1)
where the other thermodynamic quantities, such as Eˆ , P, n depend only on T and µˆ. We also set
m = 1 for simplicity. Let us first focus on the transverse fluctuations, consisting of δvi⊥ which
is a fluid velocity in the direction perpendicular to wave vector ki. The spectrum for transverse
momentum of the Bargmann fluid in this frame is governed by the following polynomial
0 = ω (−in+ ωσ) + ikivi (n+ 2iωσ) + k2
(
η + v2σ
)
, (4.2)
where vi and v2 = viv
i correspond to the background velocity of the fluid. Solving for ω(k), we
find that it consists of two modes
ω−⊥ = kiv
i − i
(η
n
)
k2 +O(k3) , ω+⊥ = kivi + i
(n
σ
)
+ i
(η
n
)
k2 +O(k3) . (4.3)
The second pole, ω+⊥, is the unphysical unstable mode, analogous to the one in Lorentzian fluid’s
Eckart frame, as pointed out in [11]. Unlike the Landau frame in the Lorentzian fluid, here vi → 0
is not a singular limit and we can simply take vi → 0 in Eq. (4.3), in order to obtain the spectrum
for the fluid at rest. There, we see that the positive imaginary part still persists in ω+⊥, which
indicates that the theory is unstable even around a static configuration.
Let us also look at the longitudinal fluctuations consisting of {δT, δµˆ, δvi‖}. For simplicity let
us choose ki = (k, 0, 0) and the background velocity vi = (v, 0, 0). The spectrum of modes in the
longitudinal fluctuations is governed by the quartic equation in ω. To see this, one can write down
the Fourier transformed equations of motion as
M(ω, k)

δT
δµˆ
δvx
 = 0 , (4.4)
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where the matrix M(ω, k) = −iωA(ω, k) + ikB(ω, k) can be written as
A =

α1 + i
(
µˆσ
T
)
kv α2 + iσkv α3v
χ21 + i
(
µˆσ
T
)
k χ22v − ikσ α3
χ21 χ22 0
 , (4.5)
where functions α1 = Tχ11 + χ12(µˆ+ v
2/2), α2 = Tχ12 + χ22(µˆ+ v
2/2) and α3 = n+ iσ(ω − kv).
The matrix B can be written as
B =

α1v + i
(
µˆσ
2T kv
2
)
α2v + i
σ
2kv
2 β
s+ χ21v
2 + 2i
(
µˆσ
T
)
kv n+ χ22v
2 − 2iσkv 2α3v − iγk
χ21v + i
(
µˆσ
T
)
k χ22v − iσk n+ iσ(ω − kv)
 . (4.6)
Here β = Eˆ + P + 32nv2 − iγkv − iσv2(ω − kv), γ = ζ + 4η/3. The susceptibility matrix is defined
via χ11 = (∂s/∂T )µˆ, χ12 = (∂s/∂µˆ)T , χ21 = (∂n/∂T )µˆ and χ22 = (∂n/∂µˆ)T .
The spectrum can be determined by taking det[M] = 0 , which results in a quartic equation in
ω due to the ω dependence in A. This implies that there are four solutions to this system. There
are two complex solutions corresponding to the sound modes and one purely imaginary solution
corresponding to the thermoelectric diffusion (see e.g. [10, 58] for discussion). The other mode is
gapped and contains a positive imaginary part, its spectrum can be written as
ω+‖ = i
(ρ
σ
)
+ kv + i
(
γ
n
+
σχ22(Eˆ + P )(Eˆ + P + 2nv2)
n2T 2detχ
)
k2 +O(k3) , (4.7)
which also leads to a linear instability.
B. Eckart frame
This constitutive relation is the one used in the majority of [6] and, in the limit where n T , is
nothing but the standard Navier-Stokes equations found in the literature. This is a very successful
effective description of everyday phenomena and exhibits no artificial instabilities of the kind
discussed in this work.
In order to explicitly see the linear stability, we consider the same setup as in the Landau frame.
First, let us look at the perturbation around the fluid with a constant velocity vi 6= 0. The equation
of motion and the spectrum can be found in e.g. [6] and we will not repeat it here. It turns out
that the spectrum in the transverse channel is linear in ω unlike in the Landau frame, and yields
the standard diffusion dispersion relation
ω⊥ = kivi − i
(η
n
)
k2 +O(k3) . (4.8)
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In the longitudinal channel, the equation that governs the spectrum is now a cubic equation due
to the absence of a term proportional to ωσ in A. Unlike the Landau frame in (4.5), we have:
AEckart = ALandau
∣∣∣
σ=0
, BEckart = BLandau
∣∣∣
σ=0
+ ik

κ 0 0
0 0 0
0 0 0
 , (4.9)
The determinant of 3 × 3 matrix M = −iωA + ikB therefore yields a cubic polynomial in ω,
indicating that there are only three poles in the correlation functions. These are the sound mode
and the thermoelectric diffusion. There are no unstable modes in the spectrum.
C. General frame
One can also analyse the spectrum of the theory without choosing either Landau or Eckart
frame. The spectrum for transverse fluctuations is identical to those in Landau frame, namely
Eq. (4.3) and exhibit the same instability. Similarly, the equation of motion for the longitudinal
fluctuations can be written in the same form as Eq. (4.4). Writing M = −iωA+ ikB, the matrices
A,B are
A = ALandau , B = BLandau + i+ ik

κ 0 0
0 0 0
0 0 0
 , (4.10)
where ALandau,BLandau are taken from (4.5) and (4.6). As in the Landau frame case, the spectrum
in the longitudinal channel is governed by the quartic polynomial of ω and yields the same unstable
mode as in (4.7).
We may also think of the Eckart frame as a limit where σ → 0. It turns out that this choice of
parameter is a singular limit. This can be easily seen from the spectrum of the transverse channel
spectrum in Eq. (4.3) and the unstable pole in the longitudinal channel Eq. (4.7) . The unstable
pole becomes more unstable as we approach σ → 0 limit as ω → +i∞ in the complex ω−plane.
The situation is opposite to the Lorentzian fluid, where the same scenario occurs as one moves
from the general to the Landau frame [11] instead of the Eckart frame.
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V. INSTABILITIES OF FLUIDS WITH CARROLLIAN BOOST
We analyse the spectrum of the Carroll fluids given in Section III C 1, starting from Landau
frame followed by Eckart frame and end with the general frame. Recall that these frames were
defined via the Lorentzian parent. We do this in 3+1 dimensional flat spacetime.
To summarise our findings: the Landau frame with Pi = T
0
i = 0 is stable, but becomes unstable
when Pi 6= 0. The Eckart frame is unstable even in the Pi = 0 case. This pattern resembles the
instabilities of the Lorentzian fluid. We would like to note the absence of any sound mode in the
Carrollian fluid. This is due to the fact that conservation of energy density ∂µT
µ
0 = 0 implies that
∂0E˜ = 0 and therefore it relates the fluctuation of temperature δT and the chemical potential δµ.
The only non-trivial dynamics of δT (or δµ depending on our preferred choice of variables), can
be made to decouple from the longitudinal momentum.
We shall elaborate further on the absence of the sound mode. To do this, it is convenient to
write down the thermodynamic quantities as functions of energy density E˜ and the U(1) density n.
The Carrollian Ward identity implies that the energy density fluctuation δE˜ = 0. As a result, the
dynamical variables are δn and δwi in the longitudinal channel. In the case where the background
inverse velocity wi = 0, we find the following equations of motion
0 =
−iω
−ik (∂T∂n )E˜ κ (E˜ + P + iωTκ)
1 0
+ ik
(∂P∂n )E˜ −ik (ζ + 43η)
0 −ik σ
T 2
(
T ∂µ∂n − µ∂T∂n
)
 δn
δwx
 (5.1)
We should note the difference between this and the equations of motion for the longitudinal channel
in the Bargmann and Lorentzian fluid. Firstly, in the ideal Carrollian fluid (where ζ, η, κ, σ vanish),
the only solution is ω = 0, instead of ω = ±csk where cs is the speed of sound. This signifies the
fact that when the first order correction is turned on, we find that are no modes for which Reω = 0.
A. c→ 0 limit of Lorentzian fluid in Landau frame
The resulting modes depend strongly on wi, the introduced inverse velocity. A similar feature is
observed in relation to the dependence of fluid velocity in a Lorentzian fluid in the Landau frame.
Let us first look at the case where the fluid is ‘at rest’, namely when wi = 0. We find that there
are three diffusive modes. It turns out that the condition T i 0 = 0 enforces the relation between δT
and δµ and their fluctuations to decouple from the longitudinal velocity. The dispersion relations
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for the three diffusive modes are
ω1 = −i ηE˜ + P k
2 , ω2 = −i
(
∂E˜
∂T
)
µ
T
σ/T(
∂E˜
∂T
)
µ
(
∂n
∂µ
)
T
−
(
∂E˜
∂µ
)
T
(
∂n
∂T
)
µ
k2 , ω3 = −i
ζ + 43η
E˜ + P k
2 . (5.2)
These modes {ω1, ω2, ω3} correspond to shear diffusion, density diffusion and the longitudinal
momentum diffusion respectively. The value of
(
∂E˜
∂T
)
µ
(
∂n
∂µ
)
T
−
(
∂E˜
∂µ
)
T
(
∂n
∂T
)
µ
> 0, since it is nothing
but the determinant of the susceptibility matrix that relates fluctuations (δµ, δT ) to (δE˜ , δn). The
heat capacity in (5.2) is supposed to be positive [10].
Once the fluid acquires a finite inverse velocity, say wi = (wx, 0, 0), some of these diffusive
modes will drive the instabilities, depending on values of thermodynamic quantities, similar to
what happens in the Lorentzian fluid. Let us first consider the mode due to the shear diffusion,
obtained by solving for wi perpendicular to ki. We find that the spectrum is now described by a
quadratic equation in ω which yields the solutions
ω−1 = −i
η
E˜ + P k
2 , ω+1 =
2wi
w2
ki + i
E˜ + P
ηw2
+ i
η
E˜ + P k
2 . (5.3)
Hence, the first order Carrollian fluid in the Landau frame is unstable when wi 6= 0. One can
consider the spectrum of the two other diffusive modes, in the presence of nonzero wi, and find
that their spectrum now contains a mode with positive imaginary part, namely
ω+2 =
2wi
w2
ki + i
(
∂E˜
∂T
)
µ
(
∂n
∂µ
)
T
−
(
∂E˜
∂µ
)
T
(
∂n
∂T
)
µ(
∂E
∂T
)
µ
T
σw2/T
+ i
(
∂E
∂T
)
µ
T
σ/T(
∂E˜
∂T
)
µ
(
∂n
∂µ
)
T
−
(
∂E˜
∂µ
)
T
(
∂n
∂T
)
µ
k2 , (5.4)
and similarly for the longitudinal momentum diffusion
ω+3 =
2(ζ + 43η)w
i
(ζ + 43η)w
2
ki + i
(E˜ + P )
(ζ + 43η)w
2
+ i
ζ + 43η
E˜ + P k
2 . (5.5)
Note that all these modes ω+1 , ω
+
2 , ω
+
3 can still cause instabilities even when k
i = 0. Its positive
real part is also proportional to 1/w2, indicating that the limit where wi → 0 is a singular limit for
which the pole ω+ → +i∞ and makes this entire mode decouple. This is the same singular limit
observed in Landau frame of Lorentzian fluid in [11].
B. c→ 0 limit of Lorentzian fluid in Eckart frame
Taking the c→ 0 limit of the Lorentzian fluid’s Eckart frame puts even stronger constraints on
the Carrollian fluid than in the Landau frame. In this case, both ∂0E˜ and ∂0n˜ vanish. This implies
29
that there is no diffusive mode coming from the temperature and chemical potential fluctuations.
Nevertheless, the nontrivial linearised dynamics can still be found in the momentum correlators.
It turns out, as in the Lorentzian case, that the Eckart frame creates an instability but the limit
wi → 0 is no longer a singular limit. Firstly, the pole in the transverse momentum correlation
function is
ω+⊥ =
2ηwi
ηw2 + κT
ki + i
E˜ + P
ηw2 + κT
− ω−⊥, ω−⊥ = −i
η
E˜ + P k
2 . (5.6)
Similarly, the longitudinal momentum contains two poles. One of them describes momentum
diffusion, while the other one causes the instability
ω+‖ =
2(ζ + 2η)kiw
i
(ζ + 43η)w
2 + κT
+ i
E˜ + P
(ζ + 43η)w
2 + κT
− ω−‖ ,
ω−‖ = −i
ζ + 43η
E˜ + P k
2 .
(5.7)
Hence, the Carrollian fluid in the Eckart frame is also unstable, even when Pi ∼ wi = 0. We
can also see that, not only the Eckart frame signals the instability in the wi = 0 limit. This
frame choice also changes the number of diffusive poles in the spectrum, which are supposed to be
physical objects. The origin of this mismatch might be the fact that from a Carroll point of view,
the Eckart and Landau frame seem not to be connected by a suitable redefinition of parameters, as
discussed in Section III B 2. The definitions for what is Eckart and Landau frame in this context
is inherited from tracking the Lorentzian case.
C. c→ 0 limit of Lorentzian fluid in general frame
In the general frame, we treat κ and σ as general variables. The general modes we obtain, are
the density diffusion (coming from the fluctuations in chemical potential or temperature)
ω+1 =
2wi
w2
ki+i
(
∂E˜
∂T
)
µ
(
∂n
∂µ
)
T
−
(
∂E˜
∂µ
)
T
(
∂n
∂T
)
µ(
∂E
∂T
)
µ
T
σw2/T
−ω−1 , ω−1 =−i
(
∂E˜
∂T
)
µ
T
σ/T(
∂E˜
∂T
)
µ
(
∂n
∂µ
)
T
−
(
∂E˜
∂µ
)
T
(
∂n
∂T
)
µ
k2. (5.8)
The following modes are associated to longitudinal momentum
ω+‖ =
2(ζ + 43η)w
i
w2(ζ + 43η) + κT
ki + i
E˜ + P
w2(ζ + 43η) + κT
− ω−‖ , ω−‖ = −i
ζ + 43η
E˜ + P k
2 . (5.9)
Finally, the following modes are coming from the transversal channel (with multiplicity d− 1)
ω+⊥ =
2ηwi
ηw2 + κT
ki + i
E˜ + P
ηw2 + κT
− ω−⊥, ω−⊥ = −i
η
E˜ + P k
2 . (5.10)
Putting σ = 0 or κ = 0, successfully reproduces the Eckart frame and Landau frame, respectively.
Only in the Landau frame, one is able to find stability when Pi ∝ wi = 0.
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VI. STABILITY BEYOND BOOST SYMMETRY
The goal of this section is to research instabilities away from boost symmetries, depending on
frame choice. We will analyse this using the linearized static fluid introduced in Section III C 3.
Combing the input of the Landau frame (3.45) and Eckart frame (3.46), we can compute eigen-
modes for the linearised spectrum in momentum space. If we consider δui = (u, 0, .., 0) and
ki = (0, k, ..., 0), we can isolate the following two modes
ω+ = i
ρ
A
+ i
η
ρ
k2 , ω− = −iη
ρ
k2 , (6.1)
where
A =
 pi − a˜T , for Landau framepi − a˜T + ( ρn + 1) (α− a˜ µT ) + ρnσ, for Eckart frame. (6.2)
Since Im(ω+) > 0 in (6.1), there will always be an instability (for small enough momentum k),
unless A ≤ 0. It turns out that it is therefore, a priori, unclear whether a fluid, without boost
perse, is unstable or not. Let us now examine what happens in various boost invariant scenarios.
Lorentz. For the Lorentzian case we have pi = α = a˜T = a˜ µ
T
= 0 and ρ = E˜ + P , due to
the Lorentz Ward identity T i0 = T
0
i. It is immediate that the instability is absent (at least for a
static fluid) from the spectrum in Landau frame, since A = 0. However, in the Eckart frame we
find that the coefficient becomes
A = pi +
(ρ
n
+ 1
)
α+
ρ
n
σ =
E˜ + P
n
σ , (6.3)
which in principle is strictly positive. As a result, the instability persists in the Eckart frame. By
reinserting c and subsequently taking c → ∞, one is expected to retain the same conclusions for
Carroll.
Bargmann. For the Bargmann case pi = −α = σ, a˜T = a˜ µ
T
= 0 and ρ = n, due to the
Bargmann Ward identity T 0i = mJ
i. It is immediately clear that the Landau frame remains
unstable. For the Eckart frame, we however find that the coefficient
A = pi +
(ρ
n
+ 1
)
α+
ρ
n
σ = α+ σ = 0 , (6.4)
which implies that the instability, for a static fluid, is absent in the Eckart frame.
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Appendix A: Changing frames
The goal of this appendix is to derive how we can switch between frames for the fluid considered
in Section III C 3. Specifically, we start from the constitutive relations given in (3.26) with E˜2 = 0,
P2 = 0, M2 = 0, N2 = 0, q2ν = 0. The result of this appendix is equation (A9).
We will consider a general redefinition of the form
T → T + ðT , µ→ µ+ ðµ , uµ → uµ + ðuµ , (A1)
where all terms with an ð are of order O(∂). If we apply such a change of variables, we obtain,
keeping up to O(∂) terms,
Tµν(T + ðT, µ+ ðµ, uµ + ðuµ) = Tµν(T, µ, uµ) + uµuνðE˜ + ∆µνðP +
(
E˜uν + Puν + ρΓν
)
ðuµ
+ uνðqµ + uµΓνðρ+ ρuµðΓν + uµðqν + ðtµν +O(∂2) ,
Jµ(T + ðT, µ+ ðµ, uµ + ðuµ) = Jµ(T, µ, uµ) + uµðn+ ðuµ + ðjµ +O(∂2) ,
(A2)
where we dropped all subscripts in order avoid cluttered notation.
Again, terms with an ð are of order O(∂) and share the same symmetry properties as their
‘parent’. Because we will be interested in linearisation around a zero velocity background, we can
put iµ and ðiµ to zero without any loss of generality, since these terms are always accompanied by
uν .
From thermodynamical considerations we can express
ðI =
(
∂I
∂T
)
ðT +
(
∂I
∂µ
)
ðµ+
(
∂I
∂uµ
)
ðuµ , (A3)
where I ∈
{
E˜ , n, P, ρ
}
. We will use velocity to switch frames, but ðµ and ðT are still free to
choose. We make the usual choice, to pick ðµ and ðT in such a way that ðE˜ = 0 and ðn = 0.
Notice that in the Bargmann case, mn = ρ, where m is particle mass, such that δρ = 0 too.
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In order to be able to make a choice of frame, we express the changes in ðjα, ðP , ðtµν , ðqµ
and ðqν in terms of ðuµ by requiring that T
µ
ν(T + ðT, µ + ðµ, uµ + ðuµ) = Tµν(T, µ, uµ) and
Jµν(T + ðT, µ+ ðµ, uµ + ðuµ) = Jµν(T, µ, uµ).
Let us consider the constitutive relations linearised around a stationary background (i.e. uµ =
τµ + δuµ), it happens that the definition for Landau and Eckart frame for Bargmann and Lorentz
coincide. The Carroll case follows from the Lorentzian one. We aim to eliminate ðuµ in terms of
other ‘ð’ objects. In order to do that, we first establish
jα := ∆αµJ
µ = jα + nðuα + ðjα , ⇒ ðjα = −nðuα ,
P := 1
d
∆νµT
µ
ν = P + ðP +
1
d
ρΓνðuν , ⇒ ðP = −1
d
ρΓνðuν ,
tµν := ∆
µ
ρ∆
σ
νT
ρ
σ −
1
d
∆ρσT
σ
ρ∆
µ
ν
= tµν + ðtµν + ρ∆λνΓλðuµ − ρΓλðuλ∆µν , ⇒ ðtµν = ρΓλðuλ∆µν − ρ∆λνΓλðuµ ,
qµ := −∆µρuσT ρσ = qµ + ðqµ + E˜ðuµ + Pðuµ , ⇒ ðqµ = −(E˜ + P )ðuµ ,
qν +MΓν := −∆σνuρT ρσ
= qν +MΓν + Γνðρ+ ρ∆ανðΓα + ðqν ⇒ ðqν + ðρΓν = −ρ∆i νðui ,
(A4)
where in the last line we have made use of the identity ðΓα = uαuiðui + ∆βα∆i βðui.
A new frame (denoted by tilde) can thus be related to an old frame (no tilde) via
E˜′ = E˜ = E˜ , N ′ = N = n , P ′ = P − 1
d
ρΓνðuν , q′ν +M′Γν = qν +MΓν − ρ∆i νðui , (A5)
j′µ = jµ − nðuµ , q′µ = qµ − (E˜ + P )ðuµ , t′µν = tµν + ρΓλðuλ∆µν − ρ∆λνΓλðuµ . (A6)
By choosing δuµ = 1nj
µ, we can use the equations above to relate the Eckart frame (denoted by
subscript E) and Landau frame (denotes by subscript L):
EE = EL = E˜ , NE = NL = n , PE = PL− 1
d
ρ
n
Γνj
ν
L , qE ν+MEΓν = qLν+MLΓν−
ρ
n
∆i νj
i
L ,
(A7)
jµE = 0 , q
µ
E = q
µ
L −
E˜ + P
n
jµL , t
µ
E ν = t
µ
L ν +
1
d
ρ
n
Γλj
λ∆µν −
ρ
n
∆λνΓλj
µ . (A8)
We finally obtain the relations between Landau and Eckart frame
IE = IL , δqE ν = δqLν −
ρ
n
hνµδj
µ
L , δq
µ
E = −
E˜ + P
n
δjµL , (A9)
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where δ denotes a linearised fluctuation, the capital letters as subscript denote respective frame
and I ∈
{
E˜ , P, n, ρ, δE˜, δN , δP, δtµν
}
. The Eckart frame implies δjµE = 0 and the Landau frame
implies δqµL = 0.
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